Abstract. The elements
1. Introduction. In this paper we use the structure of the genus of an H0-space, which was investigated by Zabrodsky [8] , to study the structure of the genus of a map /: X -> Y. In some cases we calculate the genus and compare it with those of X and Y.
All spaces considered are pointed and of the homotopy type of simply connected CW-complexes of finite type and either with a finite number of nonzero homology groups or with a finite number of nonzero homotopy groups.
Throughout this paper we work in the homotopy category. We recall that for a CW-complex X, the genus of X is the set G(X) of homotopy types of spaces Y with Yp « Xp for every prime p (where ( ) denotes the p-localization operation). We define analogously the genus G(f) of /, Gx(f)-the genus of maps under X and Gy(f) the genus of maps over Y. To state the main results of this study we need the following notations: Let t be an integer, X a space and/: X -» Y a map. Denote by Z, the group Z/tZ, by Z* the units in Z" by l(X) the number of integers n with QH"(X, Q) ¥= 0 and by [/,/] , the set of pairs (A, k) of f-equivalences A: X^>X, k: Y-» Y satisfying kf ~ fh. (A /-equivalence of A' is a map /: A"-»X so that //*(/, Z) ® Zp is an isomorphism for every prime p which divides t.) Theorem I. Let f: X -» Y be a map which satisfies one of the following conditions: (a)/: X -> y « a« H-map, H*(X, Q) and H*(Y, Q) are primitively generated and H*(f, Q) is either a monomorphism, an epimorphism, an isomorphism or zero.
(b) X = S2"~x, Y is an H-space and H*(Y, Q) is primitively generated.
(c)X = S2""1, Y = S2"1-1.
Then G(f) admits an abelian group structure and there exist integers k and t (depending on X, Y andf) and an exact sequence Theorem III. Let f: X -> Y be a map satisfying one of the following conditions: (a) X, Y are H-spaces; H*(X, Q) and H*(Y, Q) are primitively generated, and H*(f, Q) is either a monomorphism, an epimorphism, an isomorphism or zero.
(b) X = S2n~x, Y is an H-space, and H*( Y, Q) is primitively generated. Then Gx(f) admits an abelian group structure and there exist an integer t depending on X, Y andf and an exact sequence The proof of Theorem I relies heavily on the fact that for maps which satisfy the conditions of Theorem I, a map /': X' -» Y' belongs to the genus of the map /: X -^ y iff for every prime p there exist p-equivalences A: X' -* X, k: Y' -» Y so that fh ~ kf. The proofs of Theorems II and III rely on similar facts. These facts are proved in §2. The main theorems are proved in §3. In §4 some simple conclusions are derived. §5 deals with the kernel of the obvious map G(X, Y,f)-* G(X) X G(Y) and §6 applies this map and the main theorems to calculate the genus of some principal fibrations of the form K(G,n -1)-*X-* Y. The last section, §7, deals with the noncancellation phenomenon. 
(ÇF-the folding map).
2.1. Theorems (Hilton, Mislin, Roitberg, see [3, 11, 6] (2) Given a map f: X -» Y' in GY(f) there exists an l-equivalence A: X -» X so thatfh~f.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Proof, (a) (1) Since X and Y are //-spaces, by 2.1, for every i there exist integers "i,,> ni,i' (nu>Pi) = (*%t*Pt) = !> so that <Pn,, ° hPl and ^ » A^ are induced by functions A,': A" -h> X and À:,': y -> y.
As/is an //-map, for every /', the/»-localization of /(</>" ° A,') and (<bn ° k¡)f are homo topic:
Hence, there exist integers «,, (n¡,p¡) = I, so that Define m = IT*.,/»,, A/' = *m/p¡%nxh\, k¡' = ^"^fi. Then A = 2}., A," and k = 2^_! A:/' are the desired maps. Indeed since ^"(A) ® Zp = 2, w#(A") <S> Zp¡ = ir^(h"o) ® Zp¡ and A" is a /»^-equivalence, A is an /-equivalence. Similarly one gets that k is an /-equivalence. It is clear that fh ~ kf.
(2) Since for every p¡ there exists a homotopy equivalence hp : X'p -» Xp satisfying fp,hpi ~fP: = lY fPi, it follows from (1) that there exists an integer n, (n, I) = 1, and an /-equivalence A': A" -> A" so that/A' -^>nf.
Assume that n = qr< • . . . -q£> where every q¡ is a prime. Since for every q¡ there exists a homotopy equivalence hq: Xq¡ -> Xq_ satisfyingfqhq¡ ~/^, it follows from (1) that there exist an integer m, (m, n) = 1, and an /-equivalence A": A" -» A" so that fh"~<pj'.
Let a and ¿> be integers satisfying an + blm = 1. Define A: A" -> A" by A = <f>ah' + <¡>blh". Since w"(A) ® Z, = trt(<bah') <S> Z¡ and A' is an /-equivalence, A is an /-equivalence. But fh = /(<i»aA' + <i»wA") ~ <bjh' + <¡>blfh" ~ <pa<t>J' + <¡>bl<pJ' Q an+btJ' ~/'; hence Ä is the desired map. Then A = 2, h" and k = 2, A;," are the desired maps: A and A: are obviously /-equivalences and fh ~ kf. (2) and (3) follow from (1) in the same way that (2) and (3) Obviously A and A; are /-equivalences. In order to prove that fh ~ kf it is enough to prove that (2,-k¡')f ~ 2(A:,"/').
Let iy. 52"""1 _^> s2"1-» x ^s¿m-iy-¡ be the mciusion into the/th factor. There exists a map a: S2m~x X (S*""1)'"1 -> S2"1"1 so that for every/" > 1 the diagram jrn-1 is commutative. Therefore the following diagram is commutative: Since for any two maps gx, g2: S" -* S",f(gx + g^ ~/g, + fg2, (2) follows from (1) in the same way that (2) of part (a) follows from (1) of the same part.
Notation. Let A* be an //0-space, denote by N(X) the least integer satisfying either, for every n > N(X), irnX = 0 or, for every n > N(X), H"X = 0. (Recall that we consider only spaces with N(X) < oo.) We shall prove that A is a homotopy equivalence.
As Aj: V^A"'-»V^A" and h't: 'irmF' -*'irmF ('tTtX = torsion^^A")) are isomorphisms and as A, A' are O-equivalences, hf jt,X'/torsion -► w<,A'/torsion and h's: •nnF'/torsion -* tt+F/torsion are monomorphisms, so are h%: m^X' -> ir^X and h't: m%F' -» it,F and A is a homotopy equivalence if and only if A" is a surjection.
Consider the following diagram:
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Let v G mnX be of infinite order. As //*(/, Q) is surjective, //"(/, Q) and tr^(f) ® Q are injective and so is w"(/)/torsion; hence w = ftv is of infinite order as well. 0 = dw = h'^d'w; hence 3'(w) = 0 and there exists v' G nnX' so that f$v' = w. Hence, v -hfv' G ker /^ c torsion mnX C im A#, » £ im fi, and A# is surjective. (b) and (c) are proved similarly.
3. The structure of G(f), Gx(f) and GY(f). In this section we use Zabrodsky's method of constructing the genus of an //0-space (with a finite number of homotopy or homology groups ) to obtain elements in the genus of a map /: X -» Y where X and Y are //"-spaces. We go on to prove that every element in the genus of a map which satisfies the conditions of Theorem I is obtained in this way. The same method is also good for constructing Gx(f), (GY(f)) for maps which satisfy the conditions of Theorem III (I).
3.1. Definitions and notations. Let P be the set of all primes. For any integer / denote by P, the set of all primes which divide / and by t the set P -Pt.
Let X be an //0-space, i.e. H*(X, Q) is a free commutative graded algebra. Denote by [A", X], the set of homotopy classes of f-equivalences/: X -» X. Denote by t(X) the number R"<Nm\'Hn(X)\, by K(X) the space K(QH*(X, Z)/torsion) and by ¡(x) the number of integers n for which QH"(X, Q) ¥^ 0. Let T be a splitting Hom°(ô#
Let A be an n X n matrix. We shall say that A is diagonal if a -¡K ' = J> » < min(m, n), , " r(7'.<*<*)) , .
If X has a finite number of homotopy groups define |(i/,, finite dimensional define £(dx, . . . , dl(X^) = HLdimX(X).
3.3. Definition. Let X be an //"-space so that QH^X, Q) ^ 0 for i = 1, . . . , l(X) and let /: X -> X be a map. is an epimorphism (Arkowitz [1, Proposition 4.3] ). This together with the fact that <pf and kf are //-maps implies (Arkowitz [1, Proposition 10.3] ) that/' is an H-map. 3.6. Proposition. Suppose Xx, X2 are H-spaces so that H*(X¡, Q) (i = I, 2) are primitively generated; Yx, Y2 are H0-spaces; f: Xx -+ X2 an H-map, and g: Yx -» Y2 a map.
Let Bx ■■ {Xf,..., x¡m¡) be bases for PH*(X¡, Z)/torsion, and let BY = {y¡, ■ ■ ■ ,y¡n) be bases for H*(Y¡, Z)/torsion. Denote by A and B the matrices of PH*(f Z)/torsion and H*(g, Z)/torsion in these bases.
There exists an integer t(f, g) depending on Xt, Y¡,f and g so that: Given a pair of matrices (over Z) (Cx, C2) satisfying CXA = BC2, there exist functions h¡: Y¡ -» X¡ (i = 1, 2) so that the following conditions are satisfied: (b)fhx~h2g.
Proof. It is enough to prove the proposition in case that Bx and BY¡ (i = 1, 2) are bases in which the matrices A and B are diagonal.
Let A be the multiple of the nonzero elements of A and B and let / be as in 3.1.
Let G = {(C" C2)| \(CX)0\ < tX, KC^yl < tX for every i and/, CXA = BC2). To each pair (Cx, C2) G G correspond functions A,: Y¡ -» X¡ the matrices of which relative to Bx and BY are XtC¡ (Zabrodsky [8, Proposition 1.8] ). Since Ar, and Y¡ are i-equivalent to K(X¡) and K(Y¡), respectively, the ¿-localizations of fhx and A2g coincide. Hence there exists an integer i(C cj so tnat (<¡>s h^g-/(£, A,). This together with the finiteness of the set G implies the existence of an integer s which is good for every pair (C" C2) G G. We shall prove that s = t(f, g).
As (b)kg~<t>,ag)f.
Proof. Similar to the proof of 3.9.
Remark. The corollary remains true if one replaces the conditions that Xx is an //-space and/is an //-map by the conditions that A', is an //"-space and/is a map. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
The fact that the left trapezoid is commutative and /' is an H-map imply (Theorem 2.2) the existence of an integer «,, (nx, t) = 1, and maps A: X" -* A", Ac: Y" -> Y' so that fh ~ kf", h, ~<¡>nh~xh" and k,-<p" k~xk". As A and k are //-maps (AA), •-< <f>" A," and (kk), ~ <f>" Ac". Therefore there exists an integer n2, (n2, t) = 1, so that <P"2(f"h") ~ <bnJhh) ~ h(<bnh) and <t>"2(<p"k") ~ <P"2(kk) ~ k(<t>nk). The maps A' = <p" A, k' = <¡>nk satisfy <p"A" ~ AA' and «/»"Ac" -AcAc' (n = nxn^). Consequently the fact that A and A" realize ¿/ and Ac and Ac" realize d' imply that A' and Ac' realize the same as <#>". Let x: ZH*(X", Z)/torsion -» H*(X", Z) be a rational splitting, i.e. the map X proj QH*(X", Z)/torsion^>H*(X", Z) -* QH*(X", Z)/torsion is a monomorphism of maximal rank. We shall identify QH*(X", Z)/torsion with X(QH*(X", Z)/torsion). It is obvious that/'A4 ~ k4f", that the matrix of QH*(h4, Z)/torsion is nE, that there exists a matrix E so that the matrix of QH*(k4, Z)/torsion is nE and that EM = NQE.
A", k5: Y" -y y be functions which correspond to the matrix LetA5: X"
where the matrix Ë satisfies -t'NDE = t(f,f")NË. Define h = ah4 + bh5, a7 = £jA:4 + bk5 where a and A are integers which satisfy an + bt' = 1. As the matrices of QH*(h, Z)/torsion and QH*(k, Z)/torsion are E and E, respectively, A and Ac are homotopy equivalences. Obviously/'A -Ac/"; hence A and Ac are the desired maps.
3.12. Corollary. Proposition 3.11 is also true for a map S2"~' -> X where X is an H-space so that H*(X, Q) is primitively generated.
Proof. The assertion follows from Corollary 3.8 in the same way that Proposition 3.11 follows from Proposition 3.6. Proof. If H*(f, Q) is either a monomorphism or an isomorphism then Gx(f) = 0 by Corollary 2.3. If H*(f, Q)is either an epimorphism or zero, one chooses bases for QH*(X",Z)/torsion and QH*(Y",Z)/torsion in which the matrix B of QH*(f", Z)/torsion is diagonal, then one defines /' = Xt(f,f") where X is the multiple of the nonzero elements of B. Using the Corollary 3.14 follows from Corollary 3.10 in the same way that Proposition 3.11 follows from Proposition 3.6.
In Theorems I, II and III we referred to an integer /. We shall define it now: 3. (a) ) is on Gx(f) and Í' (l, d ') = f (1, d' + ¡s') in Gx(f), whenever (1, d') and (1, d' + ts') belong to D". Proof. Propositions 3.4 and 3.11 imply that there exists a surjection £': D -» G(f), that i'\D' and £'|Z>" are on Gv(/) and on Gx(f), respectively, and that if /is an Z/-map, then £'(</, </') is an //-map for every pair (*/, d') G Z).
We shall prove part (a)(1) (parts (a) (3) and (b) are proved similarly). We shall distinguish two cases:
(a)/ satisfies conditions (a) or ( The proof of (b) . Assume that Ç(d,d') = (f: S2""1 -» S2m~x) and that £'(d + ts, d' + ts') = (/": S2"~x -> 52m-1). As for every/' G G(f) the order of/' is equal to the order of/, we obtain from the choice of t that Vd+is'f-frld+tY' hence £'(d, d') = £'(d + ts, d' + ts').
3.17. The proof of Theorems I, II, and III. We shall prove Theorem I. 
Example 2./: X -+ K(X),fis a rational equivalence and 7Z*(/, Z) is onto.
where A and k are /-equivalences (Lemma 4.2) . Consequently H*(f, Z) is onto and there exists a homotopy equivalence g: ^(A") -> K(X) so that gf ~~f.
To state the next two examples one needs the following notations: If A" is a CW-complex denote by A" : X -» Xn the homotopy approximation of X in dim < n (i.e. trkhn is an isomorphism for Ac < n and trkXn = 0 for Ac > n). SU2n_, so that
Proof. By Lemma 1.5 in Zabrodsky [7] , there exists a map g: SU2n_, -> SU 2n-l so that gfx ~f2. Obviously Hk(g,Z)
is an isomorphism for k < 2m -1. Assume that g is not a homotopy equivalence and that Ac is the least integer for which QH2k + x(g, Z) t¿= ±1. Consider the diagram SU(w) where g'2k+x is a homotopy equivalence which covers the homotopy equivalence g2k_,. (By Zabrodsky [7, Corollary 1.4 ] such a homotopy equivalence exists.)
As h2k_xf2 ~ g2k_xh2k_,/, and the fibration K(Z, 2k + 1) -» SU2it+, -> SU2/t_, is principal, there exists w G [SU(m), K(Z, 2k + 1)] so that h2k + xf2 w * (£2*+1^2*+1/1) where * is the action of [SU(w), K(Z, 2k + 1)] on [SU(w), SU2"_,]. Obviously w is decomposable. Since //*(/,, Z) is onto there exists a decomposable element w G [SU2/t+1, K(Z, 2k + 1)] so that w -wA2t+,/1. Define g2k + x = w * g'2k+x. Obviously g2k + x is a homotopy equivalence and 82k +1^2* +1/1 ~" h2k +\f2-Consequently g2k+x can be lifted to a homotopy equivalence g": SU2n_, -+ SU2"_, so that g"/, ~ f2.
Computation
of G(a), GY (a) and G / GM)(a) for some fibrations the fibrations in this section are Hopf X í+Y^> K(G, n). We assume that all fibrations which satisfy the conditions of Theorem I.
In order to calculate G(a), GY (a) and GK(Gn) (a) In the same way we obtain that GKiZi^(a) = GK^Zr,n)(a) = 0.
Case 3.F^> K(Zl, n) -» K(Zp", ri) (k, I > 1).
We prove that G(a) = 0 by constructing to each vector (xx, . . . , x¡) (x¡ G Zp") and to each number d G Zpk an / X / matrix A (over Z) so that det A = d and A(xx, . . . ,x,) = (dxx, . . . , dx,) (mod/»*).
Consider the vector (xx, . . . , x,). Each x¡ is of the form x¡ = a^*1 where (a,p) = I. Without loss of generality assume that kx < k¡ or every i. Let b be an integer satisfying axb = 1 (mod/»*) and let A = (a,-,) 
